Wigner Function and Keldysh Partition Function: For a many body bosonic system, The WQD W , and the WCF χ W , are given by [3].
We propose a new method of calculating entanglement entropy of a many-body interacting Bosonic system (open or closed) in a field theoretic approach without replica methods. The Wigner function and Renyi entropy of a Bosonic system undergoing arbitrary non-equilibrium dynamics can be obtained from its Wigner characteristic function, which we identify with the Schwinger Keldysh partition function in presence of quantum sources turned on at the time of measurement. For non-interacting many body systems, starting from arbitrary density matrices, we provide exact analytic formulae for Wigner function and entanglement entropy in terms of the single particle Green's functions. For interacting systems, we relate the Wigner characteristic to the connected multi-particle correlators of the system. We use this formalism to study the evolution of an open quantum system from a Fock state with negative Wigner function and zero entropy, to a thermal state with positive Wigner function and finite entropy. The evolution of the Renyi entropy is non-monotonic in time for both Markovian and non-Markovian dynamics. The entropy is also found to be anti-correlated with negativity of the Wigner function of a 2 -mode open quantum system. The Wigner quasiprobability distribution (WQD) is the closest approximation to a "phase-space distribution function" for quantum systems [1] [2] [3] , which provides tomographic information about the density matrix of the system. The quantum nature of the system manifests itself throught the fact that the WQD is not positive definite for generic density matrices [4, 5] . Ground states, coherent states and thermal states have positive WQD and are classified as "classical" states, while non-classical states like Fock states have negative values of the WQD. Such states cannot be efficiently sampled using classical Monte Carlo algorithms [6] and can be used as a resource in quantum computing algorithms [7] [8] [9] . The Wigner function has been measured in different single mode quantum systems [10] [11] [12] [13] [14] [15] .
The reduced density matrix of a many-body system can be obtained from the full density matrix by tracing out a set of degrees of freedom. The Renyi entanglement entropy of the reduced density matrix is an indicator of quantum separability between the traced out and remaining degrees of freedom in the state of the system [16] . It plays the role of an "inverse participation ratio" for the support of the density matrix on the states in the remaining Hilbert space, and has been used to study quantum phase transitions [17] [18] [19] and many-body localization transition [20] [21] [22] [23] [24] in interacting disordered systems. The Renyi entropy has recently been measured experimentally in ultracold atomic systems [25] . It is well known [3] that the Renyi entropy of a density matrix can be written as an intergral of the square of its Wigner function.
In this Letter, we show that (i) the Wigner characteristic function (WCF), i.e. the characteristic function corresponding to the WQD, is the Schwinger-Keldysh (SK) partition function of the system in the presence of "quantum" sources turned on only at the time of measurement. This relation holds for a generic interacting many-body Bosonic system (open or closed) undergoing arbitrary non-equilibrium dynamics. (ii) For non-interacting systems (closed or open), we find an analytic expression for the exact time-dependent WCF and WQD in terms of single-particle Green's functions. For interacting systems, we find the WCF in terms of a series involving connected n-particle correlators of the classical fields in the theory. (iii) Our formalism can calculate the WCF of a reduced density matrix, and provides a new method to calculate the evolution of Renyi entanglement entropy in many body systems. Our formalism is quite different from earlier attempts to calculate WQDs [26] [27] [28] [29] within field theoretic approaches. Our calculation of Renyi entropy does not require the replica methods for field theories defined on complicated manifolds [17, [30] [31] [32] [33] [34] [35] [36] [37] .
We use these results in an extended SK field theory [38] to study the evolution of WQD and Renyi entropy in open quantum systems (OQS) of one and two bosonic modes, coupled to one or more thermal baths, when the system is initialized to particular Fock states. The negative patches in the WQD, signifying quantum character, vanishes with time as the system thermalizes. We find that the Renyi entropy shows nonmonotonic behaviour with time, both within Markovian and non-Markovian dynamics. In a two mode system, where the dynamics is governed by the competition between the incoherent system-bath coupling and the coherent quantum tunneling, we find that the Renyi entropy is anti-correlated with negativity of the Wigner function. We also study the effect of interactions in the system on the evolution of the entanglement entropy and find that repulsive interactions lead to lowering of entropy in the long time limit. Two contour (±) evolution of the density matrix,ρ(t) in SK field theory. For calculating χW (βj, t), the displacement op-
rest of the modes ( B ). The WCF ofρ A (t) can be obtained from Eq. 1 by restricting the β j s to the set A. The second Renyi entropy S (2) = − log T r ρ 2 A (t) is given by
The time evolution of the density matrix,ρ(t) = U (t, 0)ρ 0 U † (t, 0), can be described by a SK path integral with two copies of fields for each mode, φ + (j, t) and φ − (j, t), corresponding to the forward and backward evolution along the Keldysh contour shown in Fig. 1 . The key new ingredient in this work is the decomposition of the displacement operator
− , with each of the D 1/2 placed on the forward and the backward contour; i.e.
(3) We note that this multiplicative decomposition is distinct from the standard practice of making additive decomposition of op-eratorsÔ → [Ô + +Ô − ]/2 in SK field theories.
The insertion of the operators D 1/2 
the WCF corresponds to the Keldysh partition function with the classical source turned off throughout the evolution, and a quantum source
, turned on only at the time of measurement, i.e.
This is the main result of this Letter. A complex Laplace transform converts χ W (β j ) to the WQD W (α j ), and forces φ cl (j, t) = √ 2α j . W ({α j }, t) is thus the partition function summed over field configurations with the boundary condition φ cl (j, t) = √ 2α j , i.e. it is the full "quasi"-distribution function of the classical fields. Note that the absence of a classical source implies an unconstrained functional integration over the quantum fields. The result derived above applies to generic non-equilibrium dynamics of interacting bosons, since we have not used any assumption about the form of the Keldysh action in deriving equation [4] .
We note that, in this formalism, integrating out a mode without turning on a source is equivalent to tracing over that degree of freedom, while integrating out a mode after turning on a quantum source is equivalent to calculating the WCF. Hence it is straightforward to see that the WCF of the reduced density matrix, χ A W , can be obtained by restricting the quantum sources β j to be turned on only for the modes in A, which are not traced over. This simplification for the reduced WCF, together with Eq. 2 allows us to study the evolution of Renyi entropy without considering field theories with complicated boundary conditions [32] .
Wigner Characteristics and Correlation Function:
We first focus our attention on non-interacting open quantum systems starting from thermal states. In this case we get
where the one particle Keldysh correlator Λ ij (t) = φ cl (i, t)φ * cl (j, t) contains the effects of the bath (see [39, 40] and SM for details of Λ ij ). The WCF and WQD are both gaussian in this case, while the Renyi entropy matches with earlier results [30] . For an interacting system, we use the fact that the logarithm of a partition function is the generator of connected correlators to write
where Λ i1..in j1..jn (t) = φ cl (i 1 , t)..φ cl (i n , t)φ * cl (j 1 , t)..φ * cl (j n , t) C is the connected n particle equal time correlator of the classical fields for n = 1 and Λ i j = Λ ij . This exact relation between χ (and hence S (2) ) and the standard correlation functions is the starting point for making different approximations for entanglement entropy of interacting systems.
We now study the case where the system is initialized in Fock states (with negative WQD and zero entropy)and evolve to a thermal state (with positive definite WDQ and non-zero entropy) due to coupling to thermal baths. This dynamics can be treated within a recent extension of SK theory [38] . For an initialρ 0 = |{n} {n}|, where |{n} = |n 1 , n 2 ... , with n ν the occupation number of the ν th mode, the extended SK formalism adds to the Keldysh action a source −i(1 + u ν )/(1 − u ν ) coupled to the bilinear φ * q (ν, 0)φ q (ν, 0), i.e. it is turned on only at the initial time t = 0. The WCF χ W (β j , t, u) can then be calculated as the partition function The WQD, W (α, t) is shown in the |α| − t plane as a density plot. The system starts from the state |n = 5 . The negative patches present at the initial time, indicating a non-classical state, shrinks and vanishes as the system thermalizes to a classical state. (b) Negativity, N of WQD is plotted with t for two different initial conditions |n = 6 (triangles) and |n = 2 (circles). In each case the open symbols correspond to a system bath coupling = 1, and the closed symbols are for = 1.5. Increasing makes the decay of N faster in both cases. For same , the negativity for n = 6 starts at higher value but decays faster than that for n = 2. (c) Renyi entropy, S (2) (t) vs t for = 1 for n = 6(open triangles) and = 1, n = 2 (open circles), and = 1.5, n = 2 (closed circles). Inset shows evolution of S (2) for Markovian dynamics. S (2) varies non-monotonically with t with a peak location at ∼ tB/ 2 and a long time value independent of initial conditions in all cases. (d)ρnn(t) vs n at different times for = 1.5, n = 6. The distribution of ρnn broadens initially, leading to increasing S (2) . Later, ρnn for larger n falls off to attain its thermal form, leading to shrinking of the distribution and negative dS (2) /dt. (e) S (2) vs t in presence of repulsive interaction, U = 0.1 starting from n = 2 with = 1.5. Repulsive interaction leads to faster decay of S (2) compared to the non-interacting one, leading to a steady state with lower entropy. (f) S (2) vs t in a 2−mode system coupled to two baths (TL = TR = 1, µL = −4.05, µR = −10.05, ω0 = −1.5) for = 1.5 > g = 1 (overdamped) and (g) = 0.8 < g = 1.0 (under-damped) for different initial states, marked in the graph. The bath and the site index shown in black is traced out to obtain S (2) . (h) N and S (2) for a system with = 0.2. The negativity shows a peak at alternate dips of S (2) , where the density matrix comes close to n = 1 Fock state. tB = 2 sets the units for all plots.
in presence of both the linear quantum sources β j , turned on at time of measurement t, and the initial bilinear sources u ν turned on at t = 0. The physical WCF corresponding to the particular initial state is then obtained from
We first consider a non-interacting system of bosons coupled to non-interacting bosonic baths. In this case, the WCF of the system, after integrating out the bath, is given by
where Λ 0 ij (t) = φ cl (i, t)φ * cl (j, t) 0 is the equal time classical correlator in a system that starts from the vacuum state with 0 particles, and Λ ν ij (t) = G R iν (t)G R * jν (t), where the retarded Green's function G R iµ (t) is the probability amplitude of finding a particle in mode i at time t if it was initially in mode µ [See SM]. We note that our formalism can treat open and closed quantum systems on equal footing, although detailed expression for Λ will change. After taking u derivatives [41] , we obtain the closed form analytical expression for the physical WCF as
where L n (x) is the Laguerre polynomial of order n. Evolution of WQD and S (2) in OQS: We first consider a single mode with H = ω 0 a † a, coupled to a bath characterized by a spectral density
, temperature T and chemical potential µ with coupling strength . The system is initialized in the number state ρ 0 = |n n|. Λ 0 (t) changes from 1 at t = 0 to a finite value determined by the bath parameters, while Λ(t) decays from 1 to 0 at long times. The decay is exponential at short times upto t ∼ t B / 2 , and have a t −3/2 power law tail for the spectral density we use. However, most interesting features discussed here are insensitive to the non-Markovian nature of the dynamics.
The WQD W (|α|, t), is given by
has n zero crossings in |α| resulting in alternating positive and negative patches. Here, Λ(t) controls the decay of the initial distribution function, whereasΛ(t) is the stochastic contribution from the bath. Since L n (x) > 0 for x < 0, all the negative patches in W disappear simultaneously wheñ Λ(t) > Λ(t) turns negative, i.e. when the stochastic contribution from the bath overwhelms the remnants of the initial quantum state. We consider a system with ω 0 = −1 and a bath with T = 1 and µ = −4.05 where bath hopping scale, t B = 2 sets the units. Fig. 2 (a) shows a density plot of W (α, t) in the |α| − t plane for a system starting in the n = 5 state. The 3 negative patches shrink in size with time until they simultaneously disappear around t = 0.45. In the long time limit, the system thermalizes and a gaussian WQD is recovered. A quantitative measure of the "non-classicality", the negativity,
, which measures the area in the complex α plane over which the WQD is negative. In Fig 2(b) N is plotted as a function of t for two different initial conditions, n = 2 and n = 6, at two different system-bath coupling strength = 1, 1.5. The system has more non-classicality for higher n as the number of negative patches increase, but the negativity also decays faster in this case. With increasing , the negativity falls off faster. We use Eq.s 2 and 9 to calculate the Renyi entropy,
where 2 F 1 is the hypergeometric function. Fig 2( c), shows S (2) (t) after tracing out the bath degrees of freedom, for two different initial conditions, n = 2 and n = 6 at = 1. In both cases, we see a non-monotonic time dependence of S (2) , with a peak at a timescale ∼ t B / 2 , and a fixed long time limit indicating the erasure of initial state memories. Increasing to 1.5 leads to a faster decay to a different equilibrium. The nonmonotonicity of S (2) with time is a generic feature of both Markovian (inset of Fig 2(c) ) and non-Markovian dynamics.
To gain insight into the non-monotonicity of S (2) , we construct the instantaneous reduced density matrixρ s (t) which is diagonal in the number basis. In Fig 2(d) , we plot the time evolution of the matrix elements , ρ nn for a system starting at n = 6. At t = 0, ρ nn = δ n,6 and hence S (2) = 0. As time evolves,the distribution of ρ nn broadens due to stochastic exchange with bath, giving rise to an increase of S (2) with t. At later times, the entropy decreases as the distribution narrows down to reach an exponential form.
We next focus on the effects of interaction H int = U a † a † aa (also called Kerr non-linearity) on the dynamics of this one mode open quantum system. In this case we truncate the series in the exponent of the WCF in Eq. 6 at O(|β| 4 ), which corresponds to ignoring the contributions of the three particle connected Green's functions. We evaluate the effects of the interaction on the one and two particle Green's function in perturbation theory upto O(U 2 ) and calculate the time dependent Renyi entropy of this system after integrating out the bath (see SM for details). The time evolution of S (2) for interacting and non-interacting systems are plotted together in Fig. 2 (e). The repulsive interaction reduces the long time value of the entanglement entropy and leads to a faster decay of S (2) from its peak value.
While the single mode system illustrates the effect of incoherent coupling to the bath, a more interesting dynamics occurs in a two mode system, where the coherent intermode coupling competes with the incoherent coupling to the bath. We consider a system of two sites (left (L) and right (R)) with the Hamiltonian H s = ω 0 (a † L a L + a † R a R ) − g(a † L a R + h.c), where g is the coherent tunneling matrix element. The two sites are linearly coupled to two baths with the same temperature T , but different chemical potentials µ L and µ R . This leads to a steady state with a finite current flowing through the system in the long time limit. We study the evolution of S (2) in the dynamics of the OQS when the system starts from |10 and |01 . The subsystem for calculating S (2) is obtained by tracing out the bath and one site of the system. We see that at short times, the behaviour of S (2) depends on whether the site with the initial particle is traced out or not. For example, in Fig 2 (f) , the curves for the system starting from |10 with R traced out (closed circles) and |01 with L traced out (closed triangles) follow each other at short times. Similarly, curves for system starting at |10 with L traced out (open circles) and |01 with R traced out (open triangles) follow each other at short times. At large times, this initial memory is erased and S (2) simply depends on whether L or R is traced over. This is because the chemical potentials in the baths break the L − R symmetry of the problem. Fig. 2 (h) plots the evolution of S (2) and the negativity of the Wigner function of the reduced ρ for the left site in the under-damped limit. The system comes close to a Fock state at the minima of the entropy oscillations. When the corresponding state is |0 , the negativity is zero, since the ground state has positive definite Wigner function, while the negativity shows a pronounced peak at alternate S (2) minima, when the system comes very close to |1 .
We have provided a new field theoretic way of calculating the evolution of the Wigner function and entanglement entropy of a many body interacting bosonic system (open or closed) undergoing non-equilibrium dynamics starting from arbitrary initial conditions. We have focused here on an open quantum system and its evolution from a pure quantum state to thermal or steady state density matrices. The formalism can be used to study entanglement entropy in many other contexts including quantum phase transitions and many body localization transitions.
The authors thank Anatoli Polkovnikov and Takashi Oka for useful discussions. The authors also acknowledge computational facilities at Department of Theoretical Physics, TIFR Mumbai. In this appendix, we will detail the idea of relating the WCF of a Bosonic system with Keldysh partition function in presence of a particular combination of the linear sources in the two-contour Keldysh action. In SK field theoretic approach, the partition function Z, which encodes the time evolution of the many body density matrix,ρ(t) = U (t, 0)ρ 0 U † (t, 0) along the closed contour as shown in Fig. 1 of the main text, is expressed as the path integral over φ + (j, t) and φ − (j, t) fields which are linearly coupled to the sources, J + (j, t) and J − (j, t).
where D[φ] = n dφ * (t n )dφ(t n )/π and A ± encodes the evolution ofρ(t) along the ± branches. For a closed system
, whereas for an OQS coupled linearly to an external bath, A will be modified by the corresponding bath induced self-energies. We note that the information about the initial density matrix of the system is incorporated as a boundary term in the action A [1] which we will discuss in the next section in great details.
To 
Here it is important to note that D 1/2 is not a normal-ordered operator, but in the path integral equation 2, the commutation relations between a i , a † j , in the expansion e 
The identification of
At this point, we would like to point out that the choice of placing D 1/2 symmetrically on both the branches and hence setting J ± (j, t ) = ∓i(β j /2)δ(t−t ) is not a unique choice. But it is the most convenient choice of the sources as it leads to J cl (j, t) = 0 2 for all time and J q (j, t ) = iβ j δ(t − t )/ √ 2 couples only to φ cl (j, t). Hence χ W ({β j }, t) (and also W ({α j }, t), S (2) (t)) for a generic many body (interacting) system can be completely formulated in terms of only the classical correlation functions at equal time as shown in equation 6 of the main text. For a non-interacting system, the Gaussian integration in equation 1 can be performed exactly to obtain equation 5 of the main text.
Construction of equal time classical correlator Λ(t) for OQS with thermal/non-thermalρ0:
In the main text of this letter, we have shown that the WCF of a Bosonic system is the SK partition function of the system in presence of a particular set of sources. We now present the details of calculating this partition function for a non-interacting system starting from an arbitrary Fock state. We note that this requires an extension of the standard SK field theory recently developed by some of us [2] . We will repeat some of the algebra for the sake of completeness here.
We consider a many body system starting from an initial density matrix,ρ 0 = |{n} {n}| where |{n} = ν |n ν is a configuration in the Fock space. The partition function in presence of the sources including the boundary term can be written as,
Here, the matrix element ofρ 0 can be written as a term in the action where a source u ν , turned on only at t = 0, is coupled to the bi-linears of the initial fields φ + (ν, 0)φ − (ν, 0). This is done by the virtue of the identity,
At this point, we would like to note the difference between the quadratic source u ν , turned on only at the initial time t = 0, and the linear sources, J ± (j, t ) = ∓i(β j /2)δ(t − t ), turned on only at the time measurement t of WQD. Here, the role of the quadratic source, u is to incorporate the initial non-thermal density matrix, whereas the linear sources J ± (j, t) are turned on to measure
The physical partition function, Z ρ [J + (j, t), J − (j, t)] corresponding to the initial density matrix,ρ 0 is computed in a two step process: first we will calculate the partition function Z[J + (j, t), J − (j, t), u] in presence of the initial source u and then by taking its appropriate number of derivative w.r.t {u ν }, dictated byρ 0 , we will get Z ρ given by equation 5. The calculation of WCF also follows the two step process stated above for the partition function: first we will calculate
followed by
For a non-interacting closed quantum system, governed by the Hamiltonian H s = i,j h ij a † i a j + h.c., it has been shown in reference 2 that the partition function in presence of the initial source u, can be written in the cl/q basis ,
Inverting the kernel in the action, we can write down the Keldysh Greens' function in presence of the initial source u as [2] ,
whereas the retarded Greens' function G R ij (t − t ) is independent of the initial source u and hence a function of (t − t ). We will next extend the above formalism for an open quantum system. We consider a generic OQS model where a non-interacting system of Bosons (H s ) is linearly coupled to a non-interacting Bosonic bath H b via the particle exchange Hamiltonian H sb given by,
where B
(i) † α creates a Boson in the α th mode of the i th bath and κ α denotes the form system-bath coupling between the i th site of the system and the α th mode of the bath with strength . The system bath coupling is turned on at t = 0. All the baths are assumed to be in thermal equilibrium with temperature T i and chemical potential µ i throughout the dynamics. After tracing out bath degrees of freedom, we will study the reduced dynamics of the system where the effect of the bath comes in the form of the retarded and Keldysh self-energies, Σ B R (i, j, t − t ) and Σ B K (i, j, t − t ) respectively in the effective action of the system [3] .
where G −1 Av , G −1 Rv are given by equation 9. We use the subscript v to denote a system starting from vacuum (0 particles) as the retarded and advanced component of the equation 12 are independent of u. We note that the bath induced self-energies [3, 4] and the distribution function of the bath
and hence they are independent of the initial condition of the system encoded by the source, u. G R ij (t − t ) is obtained by performing a modified Laplace transform in the complex frequency space [4] . Here we will use the analytical solution of the retarded Greens' function, G R ij (ω) of a many body system provided in our earlier work in reference 3 where the system-bath coupling strength is assumed to be same for all sites, i.e. κ α is independent of i in equation 11. On the other hand, the information about the initial condition of the system is carried to the subsequent dynamics by the Keldysh Greens' function through an explicit dependence on u written as,
For further simplification of the calculation, it is useful to isolate the u dependent part of G K ij (t, t , u) from the vacuum Keldysh Greens' function as,
The one-particle classical correlation function in vacuum, which is defined as Λ 0 ij (t) in the main text, is related to the equal time Keldysh Greens' function by, (16) . Now in order to find out WCF for a non-interacting OQS in presence of u, the functional integral integral over classical and quantum fields in the partition function can be done exactly to obtain equation 6 in the following form,
. This can be written as,
Since
is the generating function of the Laguerre polynomial L n (x), taking derivative of χ W (β j , t, u) w.r.t u ν , as shown in equation 2, yields the physical WCF in terms of Laguerre polynomial given by equation 9 of the main text. At this point, it is worthwhile to mention that the case of a thermal initial density matrix,ρ 0 = exp −(ω ν − µ)a † ν a ν /2T is obtained as special case of the formalism stated above. Instead of taking derivatives we just need to set the initial sources
the Greens' functions in equation 10 recover their thermal form with Λ ij , defined in equation 5 of the main text, given by,
For the sake of concreteness, we will now focus on a specific model of open quantum system with a microscopic form of H b and H sb . For most of the calculation in the main text, unless it is mentioned otherwise, we have considered a widely used non-Markovian OQS model. We consider a single mode harmonic oscillator, governed by H s = ω 0 a † a, coupled linearly to the first site of a semi-infinite bath of non-interacting Bosons hopping along the 1D chain with the tunneling strength t B . The system-bath coupling strength is governed by the energy scale . We assume the system to start from a Fock state |n n|. In this model, the bath spectral function is known to be of the form [3] ,
which shows a square root derivative singularity at the two band edges ω = ±2t B . This non-analyticity in J (ω) renders the reduced dynamics of the system to be non-Markovian which has been explored in great details in the reference 3. This form of J (ω) provide analytical solution for Σ R (ω), Σ K (ω) and hence for G R (ω), which are given by,
In
Calculation of S (2) for single mode OQS with Markovian bath model:
In the main the text, we have shown that the non-monotonicity in S (2) in case of a single mode OQS starting from a Fock state, is not a particular feature of the non-Markovian model of bath spectral function (equation 19) we have considered. Rather, +h.c. 
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where m q is related to the steady state density in the system and hence dictated by the temperature and the chemical potential of the bath.
Effect of inter-particle interaction in a single mode OQS:
In this section, we will extend the above formalism and detail the structure of the calculations adapted in this paper in presence of an interparticle interaction term in the system, given by
which leads to an interaction term in the reduced action of the system,
Now we will extend the definition of one particle Greens' function G K (t, t, u) to introduce the connected m-particle Greens' function of the classical fields at equal time t as,
Here, we would like to stress on a crucial point that for a system starting from non-thermal initial state, such as a Fock state, the 2m point connected Greens' function, Λ (m) (t, u), with the initial source u defined above, is not equal to the m particle connected classical physical correlation function, defined by φ cl (t)..φ cl (t)φ * cl (t)..φ * cl (t) C . Rather they are related by appropriate derivative w.r.t u, dictated byρ 0 , as φ cl (t)..φ cl (t)φ * cl (t)..φ * cl (t) C = 1 n! ∂ ∂u n Λ (m) (t, u) (for details see [2] ). Using the fact that logarithm of partition function, Z[J cl , J q , u] is the generator of the connected correlator and the relation between WCF and the partition function (equation ??), we write the WCF in presence of u for an interacting system as,
We will approximate the series in the exponent by truncating it at the order m = 2, i.e. keeping upto 2− particle connected 
where M |β| 2 = p a p |β| 2p is a polynomial in |β| 2 , which is brought down by the n th order derivative w.r.t. u in χ W (β, t) given by equation 7. A closed form answer for M |β| 2 can be obtained by using Bruno's identity [5] . In the regime of U used in our calculation, we obtain Λ (2) (t, 0) < 0, which regulates the integral in equation 26. Now, we will sketch the structure of the perturbation theory to calculate Λ(t, u) and Λ (2) (t, u) using standard diagrammatic expansion. The interaction vertices and the three kinds of Greens' functions are shown in Fig. 1 , while the Feynman diagrams 7 for Λ(t, u) and Λ (2) (t, u) upto O(U 2 ) are shown in Fig. 2(a) and (b) respectively. In the diagrams, all the lines represent non-interacting Greens' functions for the OQS in presence of the initial source, i.e. G R/A (t − t ) and G K (t, t , u) given in equations 21 and 14. In addition to the 2nd order diagrams for Λ (2) shown in Fig. 2(b) , there are additional diagrams which can be obtained from the first order diagrams for Λ (2) by adding first order corrections to any one of the Greens' functions.
As example of evaluating the expressions for the diagrams, we will write down here the explicit formula of Λ(t, u),
Similar expressions for Λ (2) can be obtained by evaluating the diagrams 2(b).
